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Abstract: For the problem of the quality monitoring and counting of excessive gas emissions in chemical 

industry parks, a generalized zero-inflated binomial distribution model is constructed. Statistics show that 

the times of number of excessive gas emissions has a typical zero-inflated feature. The traditional 

zero-inflated Poisson model and negative binomial regression model and so on will underestimate the 

probability of zero inflation. A generalized zero-inflated binomial distribution model is constructed by 

extending the traditional binomial regression model to a more general form. This model satisfies the 

characteristic that the expectation is less than the variance, and better solves the problems of both 

over-dispersed and zero-inflated in excessive gas emissions. Experiments show that the generalized 

zero-flated binomial distribution model has a good fitting effect, strong adaptability and robustness. 

Keywords: count model; generalized binomial distribution; zero-inflated model; zero-inflated binomial 
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摘要：针对化工园区气体超标排放的质量监控和超排计数问题，构建了广义零膨胀二项分布模型。在

统计气体超标排放次数时，发现超标次数具有典型的零膨胀特征。传统的零膨胀泊松模型和负二项回

归模型等会低估零膨胀概率，将传统的二项回归模型推广到更为一般的形式，构建了广义零膨胀二项

分布模型。该模型满足了期望小于方差的特性，较好解决了超标排放中出现的既有过离散又有零膨胀

的问题。实验表明，广义零膨胀二项分布模型具有较好的拟合效果，适应性和鲁棒性均较强。 
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Introduction1 

The pernicious gas emissions of chemical 
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industry have a significant negative effect on air 

quality and human body. It is noteworthy that the 

"three wastes" national standards in industrial 

emission (GBJ4-73) have been developed. In the air, 

the exhaust gas mixed with each other can lead to a 

variety of complex chemical reactions. These 

chemical reactions usually subject to the 

1
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interferences of the different environments, human 

and other external factors, and unfortunately can 

cause unpredictable results. In many countries, the 

criterion for assessing air quality is the daily air 

quality index (AQI) that published by the national 

environmental protection department. In this paper 

we focus on the main emission gas components (SO2, 

NO2, CO, VOCS, airborne particulate matter and so 

on) of chemical enterprises that are collected by gas 

sensor in the chemical park. 

From the initial classification analysis of the 

collected data, we found that the recorded gas 

emissions data are mostly safe, which means that no 

excessive emissions at zero. In this case the 

probability of obtaining a large number zeros values 

is incoming, which is called typical zero- inflated 

phenomenon [1]. All of Poisson model and the 

binomial model are common computational models 

on the count. In Poisson distribution, the mean and 

variance are equal. The Poisson model is suitable for 

"control node" data structure, such as queuing and car 

crossing. As for the problem of excessive gas 

emissions of statistical air is obviously not consistent 

with the characteristics of the Poisson distribution. In 

the statistical emissions when there are large numbers 

of zero values, these numbers of zero are called 

zero-inflated characteristic. The zero-inflated Poisson 

regression model (ZIP)[1] proposed by Lambert (1992) 

is very useful to model zero-inflated phenomenon 

with many zeros and was applied on the analysis of 

the welding defect data, which was focused on the 

phenomenon of excessive zero in the data. This 

model has later been improved by domestic and 

foreign scholars. Yip et al.[2] have achieved a good 

result by applying the zero-inflated regression model 

to non-life actuarial aspects. Hall[3] used a 

zero-inflated Poisson model in agriculture and 

conducted a related study. Agarwal et al.[4] have 

applied zero-inflated model to the field of 

environmental science. Denuit[5] and Winkelmann[6] 

have analyzed and discussed the zero-inflated 

phenomenon in their monograph. Guo[7] has made 

some improvements on the zero-inflated Poisson 

model by applying the zero-claim modeling. Meng 

and Yang[8] have addressed the problem of applying 

the random effect to the zero-inflated claims 

frequency. Yuan et al.[9] have used the negative 

binomial regression model and its promotion in the 

classification rate determination. Li et al.[10] analyzed 

the zero-inflated drink-driving problem under 

time-space effect. 

Most of the models that mentioned above are 

based on zero-inflated Poisson model or its 

improvements such as zero-inflated negative 

binomial distribution model and so on. Based on 

intense analysis we can notice that: when we only 

discuss whether the air quality in the chemical 

industry park exceeds the standard per day, the air 

emissions will meet the characteristics of the 

binomial distribution. According to the statistical data, 

our proposed method has achieved the mean value 

0.817 4 of dependent variable, which is less than the 

variance value 1.673 2 of the number of excessive 

emissions in one chemical park enterprises. From the 

view of data structure point, the general binomial 

distribution is expected to be greater than the 

variance (where, mean value is np, variance value is 

np (1-p)), which will lead to cause a larger fitting 

deviation and overestimate the significance level. So 

the above models such as ZIP, GZIP, ZINB et al. 

were not adapted to this kind of phenomenon due to 

that the data in this paper have obvious 

characteristics of binomial distribution. For this 

reason we have made some modifications on the 

2
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binomial distribution model to satisfy the 

requirement of data structure, which we added the 

adjustment parameters   and adjusted the 

expectation to be less than the variance.  

In our proposed model, we have improved the 

binomial distribution model and constructed the 

zero-inflated binomial model (ZIB) and combined the 

zero-inflated generalized binomial model (ZIGB) 

with the zero-inflated model. Furthermore, in this 

work, we try to: fit the number of excessive gas 

emissions to the chemical park, operate the 

multi-collinear screening of the sensor data, optimize 

the gas influencing factor, reduce the calculation and 

improve efficiency. Meanwhile, compare the 

zero-inflated generalized binomial model with the 

binomial distribution model and the zero-inflated 

binomial distribution model by using the AIC, BIC 

and likelihood ratio test statistic LR values [11]. 

The empirical analysis shows that the improved 

binomial regression model for zero-inflated can 

achieve better results according to the group data of 

actual gas emission. 

1   B inomia l  d i s tr ibut ion  and  
generalized binomial distribution 
models 

1.1 Binomial distribution model 

Suppose the random variable Yi is the number of 

excessive emissions of the i-th type of air data, where 

the event {Yi=yi} obeys the binomial distribution 

with the probability pi, then the probability function 

will be as follows: 

( ) (1 ) , 1,2,...,i iy n y
i i i i

i

n
P Y y p p i n

y
 

    
 

 (1) 

where, iy N , ( )i iE Y np  is the expectation, 

( ) (1 )i i iVar Y np p   is the variance of the binomial 

distribution, and [0,1]ip  , 1ip  . In the 

formula (1), the i-type air data refers to the collected 

air component corresponding to frequency i, and ip  

is the probability of the i-th type of air data that 

exceed the standard. 

In this paper we use the multivariate linear 

expression 0i iz x     to find the air quality data zi 

(see Tab. 1) corresponding to the i-th air data, which 

1 2( , , )i i i imx x x x ,  is the 1×m dimension vector. 

Where  is m×1 dimensional parameter vector, that is 

1 2( , , , )m      , and 0  is constant. In case of 

100iz  , the gas emissions will exceed standards. 

In this model, all of sulfide (SOx), nitrides 

(NOx), airborne particulate matter (PM2.5, PM10), CO, 

VOCS, temperature and other indicators were 

selected as influencing factors.  

In our experiments we recorded 7 days for one 

interval as the number of yi which the gas emissions 

is exceeded the standards, and exceeded the number 

of yi corresponding to the probability pi which can be 

expressed as: /i i ip y y  . 

Tab. 1  Technical Regulations of Environmental Air Quality 
Index (AQI) (Trial) 

Air Quality Index (AQI) Air Level 

0~50 

50~100 

100~150 

150~200 

200~300 

>300 

excellent 

good 

Mild pollution 

Moderate pollution 

Severe pollution 

Serious pollution 

1.2 Generalized binomial distribution model 

Let ( )i iE Y np is the expectation and 

( ) (1 )i i iVar Y np p   is the variance in the ordinary 

binomial distribution. From these two formulas it's 

quite obvious that ( ) ( )i iE Y Var Y . In order to make 

air emissions exceed the standards in the chemical 

park we assume ( ) ( )i iE Y Var Y . 
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Under normal circumstances, the frequency of 

excessive emissions is lesser than the number of 

normal emissions. For this reason, the ordinary 

binomial distribution model should be improved in 

this paper. Assume the random variable Yi is times of 

the i-th type of air data, where Yi is obeying the 

generalized binomial distribution. Then the 

probability density function can be expressed as: 

( )

(1- )
i i

i i

i i

n y yii y pi i i
i i

i

P Y y

n ynp p p p
np y

y





 

 

  
   
 

     (2)
 

where, 1,2, ,i n  , iy N and 1( ) (1 )i iE Y np     

is the mean, 3( ) (1 )(1 )i i iVar Y np p      is the 

variance and   is the global divergence parameter. 

In case of 0  , the model will be degenerated into 

an ordinary binomial distribution, which ( )i iE Y np  

and the variance will be ( ) (1 )i i iVar Y np p  . In this 

case the parameter   can be used to control the 

expectations and variance of the distribution as well 

as describe the data structure. 

While, if 1/21 (1 max( ))ip     or 1  , the 

expectation will be ( ) ( )i iE Y Var Y . And this 

phenomenon will call an under-dispersion 

phenomenon. And If 1/21 (1 max( )) 1ip     , the 

expectation will be ( ) ( )i iE Y Var Y , and this case 

will call over-dispersion situation.  

The model in formula (2) can deal with the over- 

dispersion problem, as well as solve the under- 

dispersion problem, this will lead to increase the 

scope and expand the model by adjusting the value. 

For unknown data distribution structure, we can 

write the logarithmic likelihood expression of the 

generalized binomial distribution model as follows: 
 

1

1

1

( ) ( )

(1 )

ln( ( ))

ln (1 )

ln ln ln( ) ln !

i i
i i

i i
i i

n

i
i

n n y yi y pi
i i i

i ii
i

n n y yi y pi
i i i

i i i
i

i i i i i i
i

l P y

n ynp
p p p

np y
y

l

n ynp
p p p

np y
y

np y p np y n y
p





















 



 



 

            



          
  

  
       

 







1

ln ! ln ( 1) ! ln(1 )

n

i

i i i i i
i i

y n y n y y p
p p

 







             
    



 

(3) 

where, 1,2, ,i n  . 

In order to get the parameter   value for the 

maximum likelihood function, the likelihood 

equation can be rewritten as follows:  

1

1 0

dln ( )

1
ln(1 ) 0

iyn
i i i

i
i ji i i i

i
i

l

d

y y y
p

np y p p n y j
p








 



 
     

  
  

 

 (4) 
If 

1

1 0

( )

1
ln(1 )

iyn
i i i

i
i ji i i i

i
i

f

y y y
p

np y p p n y j
p







 



 
    

  
  

 
(5)

 

Then 

12 2

2 2 2
1 0

( )

1

( )

iyn
i i

i ji i i
i

i

f

y y

np y p
n y j

p



 



 

 

 
 
 

         

    (6)

 

By applying the Newton iterative method, the 

iterative formula will be as follows: 

1
( )

, 0,1,...
( )

n
n n

n

f
n

f


 

   


 

Using the iterative formula will allow us to 

calculate the estimated value ̂  of parameter  .  
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2  Zero-inflated regression model 

2.1 An overview of the zero-inflated regression 

model 

Assume the random variable Yi is frequency of 

the i-th type of air data that follows the distribution 

function of the zero-inflated structure, where   is 

the ratio of the structure zero. Then the distribution 

function of the random variable Yi can be can be 

expressed as[1]: 

(1 ) (0), 0
( )

(1 ) ( ), 0
i

i i
i i

f y
P Y y

f y y

 


  
    

       (7) 

In formula (7)   is the coefficient of inflation, 

which [0,1) . While ( )if y  is a distribution 

such as; Poisson distribution, generalized Poisson 

distribution, binomial distribution and so on. In this 

form, the zero value is usually composed of two 

different parts: the first part is that part which the 

probability of the structural-zero is  , and the 

second part is called sampling-zero part, in this part, 

the sampling-zero is generated by the discrete 

distribution model (such as binomial distribution, et al.). 

2.2 Zero-inflated binomial distribution model 

By utilizing formula (7), where ( )if y is the 

binomial distribution, we can obtain the following 

zero-inflated binomial (ZIB) distribution model: 

0(1 )(1 ) , 0

( )
(1 ) (1 ) , 0i i

n
i

i i y n y
i i i

i

p y

P Y y n
p p y

y

 

 

    
    

       

(8) 

where, ( ) (1 )i iE Y np    is the mean ； 

( ) (1 ) [ ( ) ]i i iVar Y p n n p      is the variance of 

the model.  

From formula (1) if p0 is the probability when yi 

is 0, then the likelihood function of the i-th observed 

value will be expressed as: 

0

ln ( )

ln( (1 )(1 ) ), 0

ln (1 ) (1 ) , 0i i

n
i

y n y
i i i

i

l

p y

n
p p y

y



 

 



    


  
    

  

     (9)
 

The logarithmic likelihood function expression 

can be written as follows:   





0

0

ln ( ) ln[ (1 )(1 ) ]+

ln (1 ) (1 )

ln[ +(1 )(1 ) ]+

ln(1 )+ ln( !) ln[( )!]

ln( !)+ ln +( ) ln(1 )

i i

i

i

n
o

y n y
i i

y i

n
o

i
y

i i i i i

l p

n
p p

y

p

n n y

y y p n y p

  



 









   

  
         

 

   

 




 (10) 

From (10) we calculation derivative of function 

ln ( )l   on variable  , and let the derivative  

d ln ( )l

d




 equals zero, then we can get:  

0

00

1 (1 )d ln ( ) 1
0

1(1 )(1 )
i

n

n
y

pl

d p


   

   
       

  (11) 

Similarly, we can use the Newton iterative 

method to solve the estimated value   of the 

parameter  . 

2.3 Zero-inflated generalized binomial 

distribution model 

In formula (7) if the distribution of f(yi) is the 

generalized binomial distribution, the zero- inflated 

generalized binomial (ZIGB) distribution model 

could be obtained, and this model can be expressed 

as follows: 

( )

(1 )(1 ) , 0

(1 ) (1 ) , 0
i i

i i

i i

n
i i

n y y
i y pi

i i i i
i i

i

P Y y

p y

n ynp
p p p y

np y
y



 





 

 

    

            

 

(12) 

In formula (12), because the mean is ( )iE Y   
1(1 ) (1 )in p    and the variance is ( )iVar Y   
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3(1 )(1 ) [1 (1 )]i inp p        , so ( ) ( )i iE Y Var Y . 

Therefore, the logarithmic likelihood function of 

the i-th observed value can be written as: 

0

ln ( )

ln ( (1 )(1 ) ), 0

ln (1 ) (1 ) ,

0 (13)

i i
i i

n
i

n y y
i y pi

i i i
i i

i

i

l

p y

n ynp
p p p

np y
y

y





 






 



    


                


          

So the logarithmic likelihood expression the 

zero-inflated generalized binomial distribution model 

will be as follows: 

0

0

0

0

ln( ( , )) ln( (1 )(1 ) )

ln (1 ) (1 )

ln( (1 )(1 ) )

ln (1 ) (1 )

ln (1

i i
i i

i

i i
i i

i

n

n y y
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y i i

i
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n y y
i y pi

i i i
y i i

i

l p

n ynp
p p p

np y
y

p
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p p p
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In (14), if the partial derivatives of the 

parameters  and  are set to zero, the likelihood 

equations can be written as follows: 
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(15)

 

Which the estimated value  and ̂ of the 

parameters  and  can be solved by the Newton 

iterative method. 

3  Case analysis 

3.1 Data description 

In this work we have the environmental data 

obtained from a chemical industrial park with 

real-time transmission by gas sensors. The 

environmental data mainly include sulfide (SOx), 

nitride (NOx), airborne particulate matter (PM2.5, 

PM10), CO, VOCS, temperature, air pressure, NH3 

and so on. In our experiments we conducted a 

statistical survey of excessive emissions according to 

the Air Quality Index (AQI) that was published by 

the Ministry of Environmental Protection in two 

months. From Fig. 1 we can see that the frequency of 

excessive emissions in the statistical environmental 

data does not conform to the normal distribution. 

Meanwhile the degree of dispersion will be more 

serious. 

 

Fig. 1  The distribution of the frequency of emissions 

3.2 Test multiple collinearity  

In our experiments data have been collected 

from a variety of environmental indicators in the 

chemical park. In order to improve the accuracy of 

the number of simulated emissions, it is necessary to 

exclude the exact correlation between the indicators 
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(or a high degree of correlation) and the irrelevant 

indicators removal. In this work, in order to 

maximize the retention of data collection indicators 

and improve reliability, the multiple collinearity of 

the collected environmental data index has been 

tested [8].  

According to the variable variance inflation 

factor (VIF), the larger the VIF value, the stronger the 

collinearity between the variables. For the division of 

boundaries, we select VIF <10. From Tab. 2, it can be 

seen directly which of the variables are collinear, and 

whether it is suitable for the direct use to simulate the 

frequency of excessive emission. 

Because the air quality data in the unit 
3μg/m , 3mg/m , ppm , et al. are quite different in 

terms of size, so we have to start implementing 

preprocess the data before diagnosing the 

multicollinear of the indicators.  

In order to normalize the dimension for the data, 

we will utilize the following equation: 

min

max min

i
i

x x
y

x x





                      (16) 

where max min( )x x  is corresponding to the relevant 

national standard (GBJ4-73) of the indicators, and xi 

is the actual value collected by the actual sensor. 

According to the variable variance inflation 

factor (VIF), the larger the VIF value, the greater the 

collinearity between the variables. Therefore, in the 

practice we selected the set of variables with the 

smallest VIF value. In Tab. 2, the VIF values are 

listed after removing partial and different indicators.  

In our experiments the indicators have been 

excluded out of PM2.5 and PM10, and the VIF values 

have exceeded 10. The VIF values are significantly 

changed when PM2.5 or PM10 was removed, which 

means that there is collinearity between them. 

When we exclude PM2.5, the VIF value will be 

less than the one that resulted by omitting the PM10 

value. However, in the actual situation the suspended 

particles of 2.5 mm diameter in the air must be more 

than 10 mm. For this reason we have chosen to keep 

PM2.5. And the indexes of PM2.5, O3, CO, SO2, NO2, 

temperature, air pressure, VOCs and NH3 have been 

selected as influencing factors. In our experiments we 

have selected nine environmental indicators which 

indicated by m=9. 

Tab. 2  Multiple collinearity diagnosis between the collecting data 

PM2.5 VOCs O3 CO PM10 SO2 NO2 T AP NH3 VIF 

1 1 1 1 1 1 1 1 1 1 12.728 9 

0 1 1 1 1 1 1 1 1 1 5.686 3 

1 0 1 1 1 1 1 1 1 1 12.719 6  

1 1 0 1 1 1 1 1 1 1 12.244 6  

1 1 1 0 1 1 1 1 1 1 10.598 9 

1 1 1 1 0 1 1 1 1 1 6.624 5 

1 1 1 1 1 0 1 1 1 1 12.699 8 

1 1 1 1 1 1 0 1 1 1 12.210 2 

1 1 1 1 1 1 1 0 1 1 12.200 1 

1 1 1 1 1 1 1 1 0 1 12.721 6 

1 1 1 1 1 1 1 1 1 0 12.586 3 

Note: in Tab. 2, "1" indicates that the indicator is existed, while "0" indicates that the indicator is removed. T: temperature, AP: 
Atmospheric pressure 
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3.3 The goodness of fitting model 

From Fig. 1, we can notice that there are large 

numbers of zero values when the emission count has 

exceeded 54%. This indicates that the zero-inflated 

phenomenon is existed, and the variance value of 

data is greater than mean value. 

In Tab. 3, we compare between various models 

in terms of the statistics of goodness such as:  

2 2

2 ln( )

AIC L k

BIC L k s

  

  





                  (17) 

AIC, BIC are the criteria of the information 

amount that will be modeled, where L is the value of 

the logarithmic likelihood function in formula (14), k, 

s are the number of parameters and the sample size 

respectively [11]. These criteria are considered as the 

measure of the superiority of statistical model fitting, 

which can balance between the complexity of the 

estimated model and the superiority of the model in 

terms of the fitting of the data. In general, we 

prioritize the model with the smaller AIC and BIC 

values. 

Tab. 3  Comparison of the Goodness of Fitting Model 

Model -2L AIC BIC 
Divergence 

α 
φ S

GB 333.54 335.54 338.54 0.52 - 135

ZIB 147.48 149.48 152.27 - 1/61 120

ZIGB 90.4 94.4 100.17 0.424 1.089/61 132

In Tab. 3, max i
i

S n y
p

   
 

, the data are  

represented the value that was obtained by 

subtracting 13 300 from each(-2L, AIC, BIC) data. In 

Tab. 3, in the generalized binomial distribution model 

(GB) and the zero-inflated binomial distribution 

model (ZIB), k is equal to one (k=1). While k=2 in 

the zero-inflated generalized binomial model (ZIGB). 

According to the past actual data of the park, the 

probability p0=0.54 is indicated there is no excessive 

emissions. While p1=0.2, p2=0.16 and p3=0.1 are 

indicated: once exceeded, twice exceeded and 3 times 

exceeded, respectively from Fig.1, and we use the 

probability values in formula (14) to compute the 

value of the logarithmic likelihood function L.  

From Tab. 3, we can find that GBAIC   

BZI ZIGBAIC AIC , GB ZIB ZIGBBIC BIC BIC  . 

Moreover, by calculating the Statistic value LR of the 

likelihood ratio, we have LR(1)=2( ZIB GBL L )= 

186.06, LR(2)=2( ZIGB ZIBL L )=57.08, and LR(1)> 

R(2)> 2 2
0.025/ 2Z Z  =3.841. We can observe that the 

fitting effect in the ZIGB model is better than those in 

ZIB and GB models. We can also observe that ZIGB 

model has the best fitting effect on the set of data, 

while the fitting effect in AIC and BIC statistics are 

smaller than other models. 

4  Conclusions 

In the actual analysis of pollution emissions 

process, we found that there are only two results 

about excessive (or non-excessive) and the two 

events mutually exclusive. Also we found that the 

data structure is unsuitable for the characteristics of 

binomial distribution in case of the depth study 

process. In order to make up for the deficiency of the 

traditional methods, we have tried to meet the 

requirement of the data distribution by improving the 

binomial distribution and the zero-inflated model. 

Experimental results show that the proposed model 

has achieved good results. It is worth mention that 

the excessive emissions have not only been affected 

by the enterprise emission behavior, but also by 

weather, wind speed, season, pressure, holidays and 

other factors. Since we have only considered the 

single factor of the enterprise gas emissions. So, the 

forecast results and accuracy will be negatively 

affected. In order to avoid these drawbacks we should 
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consider the impact of space factors as well as 

establishing appropriate air diffusion model. So, our 

future work will focus on improving accuracy of the 

proposed model. 
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