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Least-energy Maneuver of Five–link Manipulator 
Constrained within Tunnel Space Using Direct Collocation 

Pan Xiuqiang, Mei Chengcai, Chen Junjie 

（College of Information and Communications, Zhejiang Industry and Trade Vocational College, Wenzhou 325003, China） 

Abstract: Optimal control and designs least–energy maneuver control laws for a five–linked manipulator 

were applied in order to carry out designated tasks in a confined space. Lagrange–Euler equation 

described the relationships between the actuators and system dynamics. Euler–Lagrange formulation 

indicates how optimization can be achieved when optimum occurs. Direct collocation method was 

introduced in order to solve this highly nonlinear dynamic optimal control problem. Simulations were 

done to exploit how the manipulator reacted to the constraint. In this study, the diameter of the cylindrical 

space was shrunken each time by 0.1 meters. The value of the cost function and final time observed. 
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基于直接配置的隧道五连杆机器手臂能耗优化控制 

潘修强，梅成才，陈军杰 

（浙江工贸职业技术学院信息传媒学院，温州 325003） 

摘要：使用最优控制法则，进行五连杆手臂在受限制空间中的最低能耗控制研究。拉格朗日-欧拉

方程描述了控制器与动态力学的关系，欧拉-拉格朗日公式规范了最优状况下的必要条件，针对此

必要条件经常带出“两端点边界值问题”，使用“直接定位法”用来寻找高度非线性最优控制问题的数

值解。针对诸多不同的限制场景，依序持续缩小隧道半径，每次缩小半径 0.1 m，观察记录值函数

及完成任务所需时间，以此进行针对性仿真研究，并给出研究结果。 

关键词：机器人控制；最优化；直接配置；受限空间 
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Introduction 

Robotic 1  manipulators have been applied to 

automobile industry production lines, hazardous 

object handling sites, payload deploying on space 

shuttle and so on. However, these manipulators do 
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not necessarily inhabit any work–space which is 

irked as is in an undersea tunnel environment, and the 

cylindrical compartment environment in space station 

is another example. A manipulator inside of the space 

station has to complete its work without poking or 

scratching the inner surface of the compartment. This 

study would like to exploit how the performance of a 

manipulator arm may vary with and without 

work-space constraints. 

Many control schemes have shown their fortes 

in various applications. For example PID control 

1
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provides straightforward design for simple systems. 

Stochastic control allows the design to go on with 

statistic uncertain elements existing in the system. 

This study has its own concern–energy efficiency. 

Any robot deployed into fields on the Earth or orbits 

in the space is likely to operate on its battery power. 

The capacity of the battery array determines the 

length of operation time and this is a good reason 

why least energy maneuvering should be 

incorporated when laying out the control laws. 

Optimal control is the main color in this study and 

Euler–Lagrange formulation indicates how the 

control laws should look like when the optimum is 

reached. Optimal control problems are likely plagued 

with two-point boundary-values problem (T.P.B.V.P.) 

in many cases. The second goal of this study is to 

show how TPBVP can be done with direct 

collocation method in a breezy way. 

1  Modelling the System 

A heuristic five–linked manipulator arm is 

adopted as model. The manipulator links are assumed 

to be both inflexible and slender rods. This excludes 

the phenomenon of structure vibration. The 

Denavitt–Hartenburg(D–H) convention describes the 

geometry of the manipulator[1].The Lagrange–Euler 

equation formulates the relationships between control 

inputs and system dynamics. A dilemma looms. As 

the study goes on, the engineer has to make a 

decision on how the equations of motion should be 

derived. (1) is a dynamic equation involving total and 

partial derivatives. (2) is the Lagrangian of (1) which 

contains a three–fold cascade of summation with 

inertial matrix sitting in the middle of matrix 

multiplication. Other than the assumption that all 

links are rigid, this study makes no further 

simplification in deriving (1) and (2) so that the 

dynamics is best conserved and the manipulator 

system remains authentic. 

Lagrange-Euler equation, which is also the 

equation of motion (E.O.M.), is a set of highly 

nonlinear differential equations, and the D–H 

convention furthermore complicates the situation. Yet 

it is still not the worst nightmare. Once the E.O.M. is 

plugged into the Euler-Lagrange formulation for 

optimal solution, the system is plagued with T.P.B.V.P. 

as most optimal control problems would encounter[2]. 

Direct collocation with nonlinear programming 

method (D.C.N.L.P.) is employed in this study as the 

major tool to crack the nutshell of the looming 

T.P.B.V.P. [3]This method converts E.O.M., which isa 

set of 10differential equations, into a set of 10×N 

difference equations at N sub-intervals of time [4]. 

Links 1, 3 and 5 swivel side to side in their local 

horizontal planes. Links 2 and 4 pitch up and down in 

their local vertical planes. Fig. 1 shows the 

configuration of the manipulator and five 

homogeneous transformation matrices describe the 

geometry of the manipulator. The following 

homogeneous transformation matrices are used for 

describing the orientation and position of a link 

coordination frame. This transformation simplifies 

many operations when handling the mathematics of 

the manipulator arm. The D–H transformation matrix 

follows the following rules: 

 Rotate about the i-1z


with an angle i . Keep the 

i-1z


aligned with the i


x axis. 

 Translate along the i-1z


with a distance of di in 

order to bring i-1


x and i


x  into coincidence. 

 Translate along the i


x a distance of i to bring 

two origins into coincidence. 

 Rotate about the i


x an angle of  i to bring the 

two frame systems into coincidence. 

2
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assume the angular velocities are small and thus 

ignore them. It greatly simplifies the complexity of 

(1) but this assumption is not necessarily true. The 

Newton–Euler formulation might be efficient in 

computation but it is difficult to represent the model 

when the system gets advanced. This study derives 

Lagrange–Euler formulation without any form of 

simplification by using Mathematica. Symbolic 

programming excludes all the possible hand-made 

mistakes. Note that in (1) there is a total derivative 

term. Mathematica software does a good job in 

performing the total derivative faithfully while some 

other symbolic programing software can only do a 

partial differentiation. Without the function of total 

derivative, the symbolic derivation cannot be 

completed. 

3  Optimal Control Theory 

Once the E.O.M. (4) is laid out, this study 

applies optimal control theory to design the control 

laws which minimize the consumption of the energy 

consumed by the five actuators[6-8].(4) can be 

rewritten as (5).(5) is also known as state equations. 

According to Bryson and Ho, the necessary 

conditions for the optimum to occur are: 

10 1( ) ( ( ), ( ), )x t f x t t t
  

                                  (5) 

*
( )

H
t

x
 

 





                                                         
(6) 

*
0

H








                                                                   
(7) 

( )
*

f

t f
x t

  
 
 




 , and                 (8) 

some 0( )ix t , ( )j fx t and ( )k ft are given    (9) 

H is the Hamiltonian of the manipulator system. *


is 

the optimal control.  is the final conditions of the state 

variables, if any.


is the Lagrange multiplier vector. 

As soon as the simultaneous differential 

equation set of (5) and (6) is solved, the optimal 

control laws are obtained. Yet looking closely, one 

can tell that (5) and (6) together are by all means a 

two–point boundary–value problem (TPBVP) since 

the initial/final conditions of the state variables and 

Lagrange multipliers are prescribed incompletely at 

0t  and ft  according to (8) and (9). 

4  Direct Collocation with Nonlinear 
Programming 

The abovementioned incompleteness of 

initial/final conditions complicates the situation for 

numerical iteration approach[9,10]. In order to activate 

the numerical iteration for the problem, indirect 

methods hazard guesses on the missing elements in 

the initial condition array and propagate the inexact 

initial conditions forward anyway along the time line. 

The guessed initial condition elements are amended 

according to the offsets between the propagated and 

prescribed final values. It goes on until the prescribed 

final values are satisfied. However, indirect methods 

do not guarantee convergence which turns out to be 

their most significant drawback. Instead of tweaking 

around the guesses on initial conditions, this study 

turns to DCNLP for robust approach. 

4.1 State equation constraints 

DCNLP discretizes the time history of a 

continuous TPBVP into n segments[11,12]. See Fig. 2. 

In the figure the new variables in each segment are 

denoted as iX


where    [ ]T
ii ix t tX 

  
. By 

Hermite interpolation, the cubic polynomials in each 

segment are determined not only by the values of iX


and 1


iX but also by the values of the time 

derivatives


iX and 1


iX . Gauss–Leba to interpolation 

is also a reasonable approach because it provides 

better approximation than Hermit–Simpson 

interpolation does. However Gauss–Lebato requires 

more computations and thus is not a candidate in this 

study at this moment. 

4
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Once the cubic polynomials are determined, the 

slopes of the polynomials at the center of segment i 

can be easily acquired. They are denoted as '


cX . See 

(10). In another hand, (5) produces another set of 

slope

cf  at the center of the segment. See Fig. 3. '


cX

is the interpolated slope vector at the center of the 

segment i, and 

cf is the time derivative vector of the 

E.O.M. which represents the dynamics of the 

manipulator. DCNLP forces the interpolated 

derivatives '


cX  to agree with the differential 

equations 

cf  by making i


 a zero vector where  

'

1 1
3 1

( ) ( )
2 4

i c c c

i i i i

f X f

X X f f
t

 

 



 

  

  

  

           
(10)

 

Since there are 10 state equations in (5), it yields 

10 defect functions for a single time segment. This 

study divides the time history into 100 segments, 

hence there are exactly 1000 defect functions 

originating from the state equations. 

 

Fig. 2  Solution time history discretization. 

 

Fig. 3  Simpson’s system constraint formulation. 

4.2 End–effectors constraints 

The state equations (5) may be treated as 

Newton’s Laws constraints derived from 

Lagrange–Euler formulation. Yet there are still also 

other constraints. In this study, the manipulator is 

requested, say, to weld along a designated helix in the 

inner surface of acylindrical space. By common sense, 

other than the end-effectors, no part of the 

manipulator is allowed to scratch the inner surface of 

the tunnel. The trajectory of the helix is 

( )

( )
( )

( )

1

helix

helix
helix

helix

x t

y t
R t

z t

 
 
 
 
 
 



                      

(11) 

where [0.0,1.0]t second. 

The coordinate of the end–effectors of the robot 

manipulator at any time is  

 end end end end

0 1 2 3 4 5
1 2 3 4 5

( ) = ( ) ( ) ( ) =1 T

end

R t x t y t z t

A A A A A r    



(12)
 

where 5
end 5 0.0 0.0 1 0[ ]. Tr L


. In each time 

segment, end( )R t


must coincide with ( )helixR t


to 

make certain that the welding task is correctly done. 

Thus three defect functions are created in (13) as  

( ) ( ) ( )helixweld endt R t R t  
  

                (13) 

(13) repeats through the 100 segments and thus 

produces 300 additional defect functions. DCNLP 

must do its best to push (13) to be zero by tweaking 

the state variables and the control elements. The core 

technology of crunching these numbers is nonlinear 

programming. 

4.3 Impact clearance constraints 

Joint 1 of the manipulator is adequately placed 

at 0 0(0, , )P y z


within the cylinder so that Joint 2 

does not impact the cylinder. However, Joints 3, 4 

and 5 might scratch or slam into the enclosing 

t0t1t2t3 

x0 x1 
x2 

x3 

xi 
xi+

xn-1 
xn

titi+1tn-1tn 

titcti+1 

xi 

xc 
fi 

fc 

fi+1 

xi+1
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cylinder when the manipulator is in operation within 

the tunnel space. Any damage to the tunnel must be 

prevented. An inequality constrain can help achieve 

this goal. 

The coordinates of Joints 3, 4 and 5 can be 

obtained as follows: 

  0 1 2
3 1 2 3R t A A r  


               (14) 

  0 1 2 3
4 1 2 3 4R t A A A r 


                (15) 

  0 1 2 3 4
5 1 2 3 4 5R t A A A A r    


        (16) 

where 1 0 .0 0 .0 1 .0[ ]i T
i ir L 


.(17) defines 

the interior space of the cylinder: 

     2 2 2
0 0, , : 0C x y z y y z z r     or 

   0, 1,...,100k iC R t k  


           (17) 

As long as (17) holds, Joint i remains inside of the 

cylinder for all t.It guarantees that the manipulator 

mechanism does not damage the cylindrical interior 

tunnel surface at any time. Substituting (14), (15) and 

(16) into (17), it produces another300 inequality 

constraints. In total, there are 1000+300+300 

constraints. All the possible solutions found must 

comply to the 1600 constraints. This study intends to 

identify the solution which consumes the least energy 

among all the possible solutions which satisfy all the 

constraints. Hence the cost function, a.k.a. objective 

function,Jhas to be specified. 

     

   

100
2 2 2
1 2 3

1

2 2
4 5

1
(

2

)
i

J i i i

i i t

  

 


   




        (18)

 

(18) is appended as the 1601stentryin the list of 

constraint.  

The first thousand entries cover the dynamics of 

the manipulator. The next 300 entries ensure that 

welding task is accurately done. The following next 

300 entries prohibit the mechanism of manipulator 

injuring the interior surface of the tunnel. The last 

entry defines the cost function which is what we are 

minimizing about. These 1601 equations bring the 

first part of the DCNLP into being and set up a 

ready-to-go stage for numerical iteration. 

4.4 Jacobian matrix 

Once the time history is discretized into 100 

intervals, the state variables ( )

x t and control 

elements ( ) t are transformed into a set of 1511 

parameters: 

           1 1 5 5 1 5[ 1 , 1 1 , 1 , 1 1       x ,…, 

1 1 5 5 1 5(100), (100) (100), (100), (100) (100)       , 

       1 1 5 5101 , 101 101 , 101 , ]    T
ft . 

Note that there are no 1 5τ τ(101) (105) . All the 

control inputs only exist at the center of each segment. 

On the contrary the state variables 

1 1 5 5( ) ( ), ,) ( ( )i i i i    exist at the left and right 

boundaries of each segment and 1 i 101≤ ≤ . 

The second part of DCNLP picks up from here. 

In order to calculate the 1601×1511Jacobian matrix, 

user is requested to provide a subroutine which takes 

the partial derivatives of the 1601 constraint 

equations against the 1511 parameters, i.e. x . The 

software SNOPT then sniffs around the Jacobian, 

tweaks about individual values of the parameters in x , 

and tries its best not only to diminish (10) and (13) 

but also to satisfy (17) with nonlinear programming 

techniques. The iteration halts as soon as (10), (13) 

and (17) are appeased. 

5  Numerical results 

The manipulator is placed at the center of the 

horizontal tunnel whose radius is r and its linkages are 

initially at rest. The manipulator end–effectors is 

required to weld along a helix  helixR t


as given in (19).  

 
 
 
 

helix

2

sin 2π

cos 2π

f

t
tx t

R t y t r t

z t r t

 
  
      
     
  


      (19) 
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where 0 ft t≤ ≤ .Note that this is a final–time–free 

optimal control case. The final time ft is 

hand–picked by DCNLP and it varies from case to 

case. 

The nomenclature information of the 

manipulator is shown as follows. 

1 , L 1i im kg m  . 

0 0 00 , 0 , 0x m y m z m   . 

ft unspecified. 

(0)


and ( )


ft : to be determined by SNOPT. 

(0) 0 
 

, ( )


ft is free. 

Eight sets of simulation are performed. Each set 

contains two scenarios: one with interior tunnel 

surface constrain, and the other one without. The 

radius r of the tunnel is varied from 2m to 1.4m 

with 0.1mdecrement each time. The results are 

tabulated in Tables 1 and 1. The cost values and the 

final times spent are plotted against radius in Figs. 4 

and 5.  

Table 1  Cost J against radius r 

No. r constrainedJ   freeJ  

1 2.00 1809.3879 1809.3878 

2 1.90 1587.1589 1766.6396 

3 1.80 1520.0822 1517.7042 

4 1.70 1305.1617 1321.1801 

5 1.60 1133.5740 1131.4906 

6 1.50 986.3006 985.6486 

7 1.45 921.2707 921.2706 

8 1.40 Not Available 866.2620 

Table 2  Final time ft against radius r 

No. r constrainedft   freeft  

1 2.00 2.5270 2.5270 

2 1.90 2.4610 2.5031 

3 1.80 2.3990 2.3885 

4 1.70 2.2537 2.2525 

5 1.60 2.1354 2.1370 

6 1.50 2.0884 2.1021 

7 1.45 2.0119 2.0119 

8 1.40 Not Available 1.9374 

 

 

Fig. 4  Cost values of the constrained and unconstrained cases 

 

Fig. 5  Final time of the constrained and unconstrained cases 

The following phenomena are observed from 

Tables I and II. 

A. The larger the tunnel radius is, the longer it 

takes to complete the welding task. 

B. The larger the tunnel radius is, the more 

cost, or energy, it takes to complete the job. 

C. In general, cost J and final time ft  of the 

constrained cases are subtly smaller in magnitude 

than those of the constrain-freed cases. 

D. Once the radius is smaller than 1.45 m, the 

manipulator fails to operate in the over-congested tunnel. 

Three motion-stilled snapshots of the 

manipulator are manifested. Fig. 6 shows the motion 

of the manipulator which should be adequately 

constrained. According Fig. 6, at some moments, 

Joint 5 pokes out of the tunnel surface and would 

certainly cause damage to the inner surface of the 

tunnel. Figs. 7~10 show the constrained motions of 

7
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(2) The simulation helps engineers identify that 

the smallest possible radius of the tunnel is 1.45 

meters for feasible operation of the manipulator. 

Once the radius gets smaller, the manipulator fails to 

operate due to not enough turnaround space. Since 

the solution is exploited and found based on optimal 

control theory, there are good reasons to believe that 

no feasible solution exists when radius is smaller than 

1.45 m. This study avails in making predictions about 

the necessary working condition for the manipulator 

in advance. 

(3) Comparing with the indirect method, direct 

collocation method takes much larger memory space. 

The 1601×1511 Jacobian matrix mentioned in 4.4 

devours a great portion of computer memory even 

SNOPT has already treated the colossal matrix as a 

band matrix. However computer memory is easily 

available nowadays. This disadvantage is no longer a 

drawback. 

(4) Both the direct collocation method and 

indirect method have thirst for CPU speed. Due to the 

large amount of calculation, DCNLP method is still 

not yet a candidate suitable for real–time operation.  

(5) Once the Lagrange–Euler formulation is 

derived, the symbolic results appear simply too 

complex which is totally beyond human ability to 

code them into Fortran program. This study takes the 

advantage of Mathematica software and use the 

function Fortran Form to translate the results directly 

into Fortran program. The outcome is fault free 

because it is processed by computer. It adds 

tremendous confidence that the result is not flawed 

by any human mistake. Symbolic programming plays 

a decisive role in making this study real. 

This paper brings together some important crucial 

principles and techniques of robotics including mechanics, 

optimization, nonlinear programming and direct 

collocation. Nonetheless this paper tries its best efforts to 

demonstrate how DCNLP method can be introduced to 

instruct a manipulator to work in a congested working 

space. DCNLP successfully accomplishes the goal and 

solves the problem with elegance. 
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